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Abstract

During the last decades, much research has been conducted deriving classes of valid in-

equalities for single-row mixed integer programming polyhedrons. However, no such class has

had as much practical success as the MIR inequality when used in cutting plane algorithms for

general mixed integer programming problems. In this work we analyze this empirical obser-

vation by developing an algorithm which takes as input a point and a mixed integer knapsack

polyhedron, and either proves the point is in the convex hull of said polyhedron, or finds

a separating hyperplane, or knapsack cut. The main feature of this algorithm is a special-

ized subroutine for solving the Mixed Integer Knapsack Problem which exploits dominance

relationships. To our knowledge, this is the first algorithm proposed for this problem. Ex-

actly separating over the closure of mixed integer knapsack sets allows us to establish natural

benchmarks by which to evaluate specific classes of knapsack cuts. Using these benchmarks

on Miplib 3.0 and Miplib 2003 instances we analyze the performance of MIR inequalities. Our

computations, which are performed in exact arithmetic, are surprising: Averaging over the 78

instances in which knapsack cuts afford bound improvements, MIR cuts alone achieve 95% of

the observed gain.

1 Introduction

Consider positive integers n,m and let d ∈ Qm, D ∈ Qm×n, l ∈ {Q ∪ {−∞}}n and u ∈ {Q ∪
{+∞}}n. Let I ⊆ N := {1, . . . , n} and consider the mixed integer set:

P = {x ∈ Rn : Dx ≤ d, l ≤ x ≤ u, xi ∈ Z, ∀i ∈ I}.

We say that a mixed integer knapsack set of the form,

K = {x ∈ Rn : ax ≤ b, l ≤ x ≤ u, xi ∈ Z, ∀i ∈ I}

with b ∈ Q, a ∈ Qn is implied by P if (a, b) is a non-negative linear combination of rows obtained
from (D, d). Observe that if K is implied by P , then P ⊆ K. Hence, any inequality which is valid
for K is also valid for P . We henceforth call such inequalities knapsack cuts derived from K.

Deriving strong knapsack cuts is of great practical importance to Mixed Integer Programming
(MIP). In fact, most cutting planes known for general mixed integer programming are knapsack
cuts. For example, Gomory Mixed Integer (GMI) cuts [32, 45] are knapsack cuts derived from the
tableaus of linear programming relaxations, and Lifted Cover Inequalities [19, 36] are knapsack
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cuts derived from the original rows of P . Other classes of knapsack cuts include mixed-integer-
rounding (MIR) cuts and their variations [17, 43, 46], split cuts [16], lift-and-project cuts [8], and
group cuts [21, 33] – to name but a few.

In practice, the most successful class of knapsack cuts for MIP are the GMI/MIR cuts [13].
Dash and Günlük [22] have recently done an empirical study to better understand this practical
success. They show that, in a significant number of instances, after adding GMI cuts for all the
optimal tableau rows and reoptimizing the continuous relaxation, there are no more violated group
cuts. Their results are quite surprising, and already suggest how strong are GMI cuts within the
context of group cuts.

There are, however, natural questions left to answer: In the case where there are some violated
group cuts, do these cuts give any significant improvement in the continuous relaxation bound? In
the case where there are no violated group cuts, does there exist any other classes of knapsack cuts
that are violated and can yield significantly better bounds? In fact, S. Dash (personal communi-
cation) proposed a closely related conjecture that for many problems in MIPLIB 3.0 the combined
effect of GMI cuts from different tableau rows is to push the resulting solution x into the convex
hull of the mixed-integer knapsack sets defined by the tableau rows.

To help resolve these questions, in this paper we discuss an empirical methodology for evaluating
sub-classes of knapsack cuts using the objective function of the continuous relaxation as a measure
of quality. Formally, consider P as defined above, c ∈ Qn, and C a set of valid inequalities for P .
Define,

z∗(C) = min{cx : Dx ≤ d, l ≤ x ≤ u, πx ≤ πo ∀(π, πo) ∈ C}.

Observe that the value z∗(C) defines a benchmark by which to evaluate classes of cuts that are
subsets of C. This idea will be applied in our context in the following way: Given a family of implied
knapsack sets K, let CK andMK represent, respectively, the set of all knapsack cuts and MIR cuts
which can be derived from sets K ∈ K. Since MK ⊆ CK it is easy to see that z∗(CK) ≥ z∗(MK)
and that the proximity of these two values gives an indication of the strength of MIR inequalities
derived from that particular family K.

In this paper we compute the values z∗(CF ) and z∗(CT ), where F is the set of original formu-
lation rows and T is the set of first tableau rows. Note that MIR cuts obtained from rows of a
simplex tableau are simply GMI cuts. In this study we are able to obtain results for a large subset
of MIPLIB 3.0 and MIPLIB 2003 instances, including general mixed integer problems.

There have been several related papers computing the value of the continuous relaxation using
all cuts in a certain class of knapsack cuts. Boyd [15], Yan and Boyd [51] and Kaparis and Letchford
[41] compute z∗(CF ), where F is the set of original formulation rows. They perform these tests
on a subset of pure and mixed 0-1 instances in MIPLIB 3.0 [12]. Balas and Saxena [9] and Dash
et al. [22] compute z∗(MA) for all MIPLIB 3.0 problems, generalizing the results of Fischetti
and Lodi [28] and Bonami et al. [14] where they consider Chvátal-Gomory cuts and projected
Chvátal-Gomory cuts. Fischetti and Lodi [27] compute z∗(CA), where A is the set of all implied
knapsack polyhedra, for a very reduced test set of pure 0-1 problems. We summarize these results
and compare them to ours in Table 1.

Finally, note that, since our method establishes benchmarks for knapsack cuts, we use exact
arithmetic to ensure that the results obtained are accurate. Indeed, Boyd [15] already cites nu-
merical difficulties in P2756, a pure 0-1 instance, and as a consequence, he gets different bounds
than us and Kaparis and Letchford [41]. We expect that more numerical difficulties would arise in
mixed integer instances with general bounds and considering other implied knapsack sets besides
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Paper Instance set Implied Knapsack Set (K) Class of Cuts
Boyd [15] Pure 0-1 Formulation Knapsack
Yan and Boyd [51] Mixed 0-1 Formulation Knapsack
Fischetti and Lodi [28] Pure integer All CG
Bonami et al. [14] General MIP All Pro-CG
Fischetti and Lodi [27] Pure 0-1 All Knapsack
Balas and Saxena [9] General MIP All MIR
Dash et al. [22] General MIP All MIR
Kaparis and Letchford [41] Pure 0-1 Formulation Knapsack
This paper General MIP Formulation and Tableaus Knapsack

Table 1: Computational studies of classes of cuts

the formulation rows.
The organization of this paper is as follows. In the next section, we discuss how to solve the

problem of separating over a single mixed integer knapsack set. In Section 3 we describe our
methodolgy for a practical implementation of the separation algorithm. Computational results are
presented in Section 4, while final remarks are given in Section 5.

2 Identifying a violated knapsack cut

Consider x∗ ∈ Qn and a feasible mixed integer knapsack polyhedron K. In this section we are
concerned with developing an effective algorithm for the following questions: Is x∗ ∈ conv(K)? If
not, can we find an inequality πx ≤ πo which is valid for K, and such that πx∗ > πo?

Throughout this section we assume that K has no free variables, since it is easy to substitute
a free variable by two non-negative variables. Further, we assume that the bound constraints
are tight. That is, for every finite bound there exists a feasible solution which meets that bound
at equality. We may assume this condition because if the bounds are not tight it is trivial to
strengthen and make them so. Finally, we assume that li < ui for all i ∈ 1, . . . , n, as otherwise the
problem is either badly defined, or in case of equality, the variable can be ignored and treated as
a constant.

Let {x1, x2, . . . , xq} and {r1, r2, . . . , rt} represent the extreme points and rays of conv(K). The
following proposition, which follows from the work of Applegate et. al [3] suggests a natural
algorithm for addressing our concern.

Proposition 1 Consider the following linear programming (LP) problem with variables u, v, π ∈
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Rn, and πo ∈ R:

LP1 : min
n
∑

i=1

(ui + vi)

s.t.
πxk − πo ≤ 0 ∀k = 1 . . . q (C1)
πrk ≤ 0 ∀k = 1 . . . t (C2)
πx∗ − πo = 1 (C3)
π + u− v = 0 (C4)
u ≥ 0, v ≥ 0.

If this problem is infeasible, then x∗ ∈ conv(K), and thus there exists no knapsack cut violated by
x∗. Otherwise, this problem admits an optimal solution (u, v, π, πo) such that inequality πx ≤ πo

is a valid knapsack cut maximizing:
πx∗ − πo

||π||1

That is, the hyperplane defined by (π, πo) maximizes the L1 distance to x∗.

Because LP1 has an exponential number of rows, we use a dynamic constraint generation
algorithm to solve the problem. We begin with constraints (C3)− (C4) and a subset of constraints
(C1)− (C2). The cut generation algorithm requires solving the problem max{πx : x ∈ K} at each
iteration. If this problem is unbounded at any given iteration, then there exits an extreme ray rj

of conv(K) such that πrj > 0. That is, there exists a violated constraint in (C2) which can be
added. If this problem is not unbounded, then there exists an optimal solution corresponding to an
extreme point xk of conv(K). If πxk > πo then this extreme point results in a violated constraint
of (C1) which can be added. Otherwise, it means that all constraints of the problem are satisfied.
Because there can only be a finite number of extreme points and rays for a set K, this dynamic
cut generation algorithm is assured to converge in a finite number of iterations.

In order to solve the sub-problem max{πx : x ∈ K} we use a specialized mixed integer knapsack
solver developed for this application. Details of this solver are described in Section 3. This solver
is designed in such a way that if the sub-problem is unbounded, it will return an extreme ray
of conv(K) which proves so. However, when the sub-problem is finite, the solver may return an
optimal solution which is not an extreme point of conv(K). Despite this fact, we can still ensure
that the dynamic constraint generation algorithm converges. In fact, it is easy to see that if we use
any finite set of points in K containing the extreme points of conv(K), Proposition 1 still remains
valid and the dynamic cut generation converges finitely. We will show in Section 3 that our solver
can be made to return optimal solutions within a finitely sized set, thus ensuring the convergence
of this procedure.

We remark that in practice, it is faster to solve the dual of LP1, since it has a fixed number of
rows. This requires implementing this procedure as a column generation algorithm rather than as
a a dynamic constraint generation algorithm. Also, observe that if this algorithm finds a violated
knapsack cut, then this cut will correspond to a non-empty face of conv(K). This follows follows
from the fact that the optimal solution to LP1 will be basic and that we are minimizing the norm.
For more details, see Espinoza [26].

The dynamic cut generation algorithm, as presented, is sufficient to solve LP1 and allows us
to obtain separating knapsack cuts, or show that none exist. Unfortunately, the algorithm as
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presented is prohibitively slow. In Sections 2.1 - 2.4 we present several steps which help speed up
the procedure. We summarize the procedure in Algorithm 1.

2.1 Determine if the problem admits a trivial solution.

In order to achieve this we test trivial sufficient conditions for the following questions:

1. Is x∗ ∈ conv(K)? For this, define NK = {i ∈ 1, . . . , n : ai 6= 0}. We know that x∗ ∈ conv(K)
if any of the following conditions are met:

• ai ∈ {−1, 1} for all i ∈ NK and b ∈ Z,

• NK ∩ I = ∅,

• x∗
i ∈ Z for all i ∈ I ∩NK .

In fact, the first two conditions imply that conv(K) is defined by the knapsack and bound
constraints, and the third condition implies that x∗ is feasible for K.

2. Is x∗ /∈ conv(K)? For this, attempt to find a violated MIR inequality. In our implementa-
tion we use the MIR separation heuristic described in [34]. If this heuristic is succesful we
can terminate the algorithm early and utilize the violated MIR inequality as a separating
knapsack cut. Observe that one could also attempt to find violated inequalities from among
other classes of cuts which are easy to separate, such as lifted cover inequalities.

2.2 Eliminate variables from LP1.

Say that a knapsack cut for K is trivial if it is implied by the linear programming relaxation of K.
A proof of the following result concerning non-trivial knapsack cuts can be found in Atamtürk [5].

Proposition 2 Every non-trivial facet-defining knapsack cut πx ≤ πo of conv(K) satisfies the
following properties:

(i) If ai > 0, then πi ≥ 0

(ii) If ai < 0, then πi ≤ 0

(iii) πi = 0 for all i /∈ I such that ai > 0 and ui = +∞.

(iv) πi = 0 for all i /∈ I such that ai < 0 and li = −∞.

(v) There exists a constant α > 0 such that πi = αai for all i /∈ I such that ai > 0 and li = −∞,
and for all i /∈ I such that ai < 0 and ui = +∞.

The following result concerning violated and non-trivial knapsack cuts is a simple generalization
of a remark made in Boyd [15].

Proposition 3 Consider x∗ /∈ conv(K). Let H+ = {i ∈ 1, . . . , n : ai > 0, x∗
i = li} and H− =

{i ∈ 1, . . . , n : ai < 0, x∗
i = ui}. If there does not exist a trivial inequality separating x∗ from

conv(K), then there exists a separating knapsack cut πx ≤ πo such that πi = 0, ∀i ∈ H+ ∪H−.
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Proof: Since x∗ /∈ conv(K), then there exists a valid inequality π̂x ≤ π̂o for conv(K) violated
by x∗. We may assume that π̂x ≤ π̂o is nontrivial, since if there is no such cut, we conclude the
proof. Define πo = π̂o −

∑

i∈H+ π̂ili −
∑

i∈H− π̂iui and

πi =

{

0 if i ∈ H+ ∪H−

π̂i otherwise.

Consider x ∈ conv(PI). Consider i ∈ H+. From Proposition 2 we know that ai > 0 implies π̂i ≥ 0,
and thus, π̂ixi ≥ π̂ili. Likewise, consider i ∈ H−. From Proposition 2 we know that ai < 0 implies
π̂i ≤ 0, and thus, π̂ixi ≥ π̂iui. Hence, π̂o ≥ π̂x ≥ πx +

∑

i∈H+

π̂ili +
∑

i∈H−

π̂iui, and so, πx ≤ πo. On

the other hand, π̂o < π̂x∗ = πx∗ +
∑

i∈H+

π̂ili +
∑

i∈H−

π̂iui. Thus, πx∗ > πo, and we conclude the

result. �

From Proposition 2 and Proposition 3 we can see that variables πi with i ∈ 1, . . . , n can be
assumed to have value zero whenever any of the following conditions are met:

• i /∈ I, ai > 0 and ui = +∞,

• i /∈ I, ai < 0 and li = −∞,

• ai > 0 and x∗
i = li,

• ai < 0 and x∗
i = ui.

In these cases the corresponding variables can simply be eliminated from LP1. Further, from
Proposition 2 it can be seen that if we add a non-negative continuous variable α to LP1, we can
replace all variables πi satisfying the conditions of (v) by the the corresponding terms αai. This can
effectively reduce the variable space by eliminating all remaining continuous unbounded variables.
Finally, observe that Proposition 2 allows us to add non-negativity bounds on all varibales πi such
that ai > 0, and non-positivity bounds on all variables πi such that ai < 0.

2.3 Fix variables and lift back again

Consider a mixed integer polyhedron P , such as the one defined in Section 1:

P = {x ∈ Rn : Dx ≤ d, l ≤ x ≤ u, xi ∈ Z, ∀i ∈ I}.

Let U,L be disjoint subsets of {1, . . . , n} such that ui 6= ∞ for all i ∈ U and such that li 6= −∞
for all i ∈ L. Define,

P (L,U) = P ∩ {x ∈ Rn : xi = li ∀i ∈ L} ∩ {x ∈ Rn : xi = ui ∀i ∈ U}

Given an inequality πx ≤ πo which is valid for P (L,U), lifting consists in obtaining from this an
inequality π̂x ≤ π̂o which is valid for P .

Given a mixed integer knapsack set K and a point x∗ we are concerned in determining if
x∗ ∈ conv(K), or if we can find a separating hyperplane. For this we use lifting in the following
way. Define U = {i ∈ 1, . . . , n : x∗

i = ui} and L = {i ∈ 1, . . . , n : x∗
i = li}. It is easy to see that

x∗ ∈ conv(K) if and only if x∗ ∈ conv(K(L,U)). However, this latter problem is much easier to
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solve since we can treat all variables xi with i ∈ L ∪ U as constants, thus obtaining a problem of
smaller dimension. In practice, this means we can apply the dynamic cut generation methodology
on the smaller knapsack constraint:

n
∑

i=1, i/∈L∩U

aixi ≤ b−
∑

i∈L

aili −
∑

i∈U

aiui.

If solving this problem reveals that x∗ ∈ conv(K(L,U)) then we conclude that x∗ ∈ conv(K).
However, if it reveals that x∗ /∈ conv(K(L,U)) we will obtain an inequality πx ≤ πo separating x∗

from conv(K(L,U)) but which is not necessarily valid for K. In this case we simply apply lifting
to obtain a new inequality which is valid for K.

Lifting methodologies typically come in two flavors: Sequential lifting [50, 52, 10, 24] and
sequence-independent lifting [37, 6]. In our study we used the sequential lifting procedure described
in Fukasawa et al. [31], which allowed us to lift both continuous and general integer variables. The
sequence in which we lifted the variables was completely arbitrary (from lowest to highest index).

2.4 Early termination rules

Recall that the dynamic cut generation algorithm described for solving LP1 iterated as follows:
At the beginning of each iteration it started with a solution (π, πo) satisfying πx∗ = πo + 1. Then,
the algorithm solved the sub-problem max{πx : x ∈ K} to optimality. The stopping condition of
the dynamic cut generation algorithm was that the optimal answer to this sub-problem should be
finite, and of value less than or equal to πo. In what follows we present two different ways in which
this scheme can be modified in such a way as to still guarantee convergence.

• Method 1: If, while solving max{πx : x ∈ K}, we encounter a solution x̂ that is feasible
for K and such that πx̂ > πo, we can stop the execution of the sub-problem and add the
constraint πx̂ ≤ πo to LP1 rather than continuing to solve the problem to optimality.

• Method 2: Let v∗ be the optimal value of max{πx : x ∈ K}. If v∗ > πo, then πx ≤ πo

is clearly not valid for conv(K). However, if πo < v∗ < πo + 1, then inequality πx ≤ v∗ is
both valid for conv(K) and violated by x∗. In this case we may terminate the dynamic cut
generation algorithm and conclude that x∗ /∈ conv(K), providing the inequality (π, πo) as a
separating cut.

Observe that both methods cannot be used simultaneously, given that the latter requires solving
the sub-problem to optimality.

3 Solving the Mixed Integer Knapsack Problem

Consider K as defined in Section 1, let c ∈ Qn, and assume li is finite for each i ∈ 1, . . . , n. In this
section we are concerned with solving the Mixed Integer Knapsack Problem (MIKP),

max{cx : x ∈ K} (1)

We will assume that the problem is feasible, and are interested in either (a) proving that the
problem is unbounded by finding an extreme ray r∗ of conv(K), or (b) computing the optimal
value of the problem by finding the optimal solution x∗ ∈ K.
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Algorithm 1: knapsack separator(K,x∗)

Input: A mixed integer knapsack set K, and a vector x∗.
Output: An answer to the question “Is x∗ ∈ conv(K)?”. In case that the answer is FALSE,

the algorithm also returns a separating cut.

Test if x∗ and K verify any of the sufficient conditions described in Section 2.1 for showing1

that x∗ ∈ conv(K). If the answer is affirmative then STOP and report that x∗ ∈ conv(K);
Run the MIR separation heuristic using K and x∗ as input. If this heuristic finds a violated2

MIR cut then STOP, report that x∗ /∈ conv(K), and return the MIR inequality which was
found;
Simplify the problem by fixing variables which are at their bounds, as indicated in Section3

2.3, and reduce to a smaller dimensional knapsack separation problem;
Formulate problem LP1 in the reduced variable space without adding any of the constraints4

in (C1)− (C2);
Apply Propositions 2 and 3 to simplify LP1 by eliminating variables from consideration and5

adding bounds;
Solve LP1 using the dynamic row generation algorithm. Be sure to apply one of the early6

termination rules described in Section 2.4;
If solving LP1 reveals that x∗ ∈ conv(K), then STOP and report that x∗ ∈ conv(K);7

Let (π̂, π̂o) represent the optimal solution to LP1;8

Lift cut π̂x ≤ π̂o to obtain a cut πx ≤ πo which is valid for K;9

STOP and return the cut (π, πo);10
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Variants of MIKP have long been studied in the research literature. In these it is typically
assumed that all coefficients defining the problem are integer, that all variables must take integer
values (i.e. no continuous variables are allowed), and that li = 0 for all i = 1, . . . , n. In addition:
In the Knapsack Problem (KP) ui = 1 for all i = 1, . . . , n, in the Bounded Knapsack Problem
(BKP) ui < ∞ for all i = 1, . . . , n, and in the Unbounded Knapsack Problem (UKP) ui = ∞
for all i = 1, . . . , n. Most modern algorithms for solving KP, BKP, and UKP are based either on
branch and bound (following the work of Horowitz and Sahni [38]) and on dynamic programming
(following the work of Bellman [11]). However, the most efficient codes seldom make explicit use of
Linear Programming and in addition, they never consider the use of both integer and continuous
variables. For excellent surveys describing the rich literature on this topic, the reader is advised
to consult Kellerer et al [42] and Martello and Toth [44].

While it is reasonable to expect that many of these algorithms could be adapted for solving our
general case with a mix of continuous, integer, bounded and unbounded variables, the fact that they
are designed to work with integer coefficients raises certain concerns with regards to the application
discussed in this paper. In fact, part of our motivation is to study the efficacy of cuts derived from
tableau rows. However, not only are these rows rarely made up of integer coefficients, but they also
are typically very ill conditioned. Thus, scaling them so as to obtain integer coefficients may result
in extremely large numbers. Considering this important shortcoming, and the need to further
study these algorithms in order to account for the mixed use of bounded, unbounded, continuous
and integer variables, our approach has been to pursue an LP-based branch and bound approach,
which seems naturally suited to mixed integer programming problems. This issue, however, is one
which merits further research. In what follows we describe our algorithm for solving MIKP.

3.1 Detecting unbounded solutions

For each i ∈ 1, . . . , n define the efficiency of variable xi as ei = ci/ai if ai 6= 0, as ei = +∞ if
ai = 0 and ci > 0, and as ei = −∞ if ai = 0 and ci < 0.

Proposition 4 If MIKP is feasible, then it is unbounded if and only if one of the following con-
ditions hold,

(a) There exists i ∈ 1, . . . , n such that

(ai ≤ 0, ci > 0, ui = +∞)

(b) There exist i, j ∈ 1, . . . , n such that ei > ej,

(ai > 0, ci > 0, ui = +∞) and (aj < 0, cj ≤ 0, uj = +∞).

Proof: It is clear that if either condition holds then the problem must be unbounded. We prove
the converse. Let U = {i ∈ 1, . . . , n : ui = +∞}, and consider the recession cone of K, which is
given by:

C = {x ∈ Rn : ax ≤ 0, xi ≥ 0 ∀i ∈ U, xi = 0 ∀i /∈ U}

The extreme rays of K coincide with the extreme rays of C. These must satisfy n − 1 of the
linear independent constraints defining C at equality. Thus, all extreme ray vectors have at most
two-nonzero values. Now assume that (a) does not hold, and let x correspond to an extreme ray
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satisfying cx > 0. If x had a single non-zero we would have that ax ≤ 0. However, this would
be contradictory with the fact that (a) does not hold. Thus, we know that x has exactly two
non-zeroes. Assume that these non-zeroes are xi and xj . Given that cx > 0 we may assume
that ci > 0. Note that this implies ai > 0, since otherwise xi would satisfy condition (a). Since
ax = 0, it follows that aj < 0. However, this in turn implies that cj < 0, or again, xj would satisfy
condition (a). Finally, cx > 0 implies that cixi > −cjxj , and ax = 0 implies that aixi = −ajxj .
From this we have that ei > ej , and so we conclude. �

Observe that Proposition 4 implies that it can be determined if MIKP is unbounded in linear
time. In fact, this can be achieved by looping through the unbounded variables and keeping track
of the most efficient one satifying (ai > 0, ci > 0), the least efficient one satisfying (aj < 0, cj ≤ 0),
and checking if any satisfy (ai ≤ 0, ci > 0).

3.2 Preprocessing

We utilize a simple eight-step pre-processing procedure in order to speed our algorithm. Let
N+ = {i ∈ 1, . . . , n : ai > 0}, and N− = {i ∈ 1, . . . , n : ai < 0}. We assume that for each i ∈ I
we have li ∈ Z and ui ∈ Z ∪ {∞}. If there exists i ∈ N− such that ui = +∞, define Lmin = −∞.
Otherwise, define,

Lmin =
∑

i∈N−

aiui +
∑

i∈N+

aili

If there exists i ∈ N+ such that ui = +∞, define Lmax = +∞. Otherwise,

Lmax =
∑

i∈N−

aili +
∑

i∈N+

aiui

Finally, let sign(x) = 1 if x > 0, sign(x) = −1 if x < 0 and sign(x) = 0 if x = 0.

1. Detect infeasibility. The problem is infeasible if and only if one of the following conditions
hold: (a) Lmin 6= −∞ and Lmin > b, or (b) there exists i ∈ 1, . . . , n such that ui 6= ∞ and
li > ui.

2. Detect unboundedness. Use the algorithm discussed in Section 3.1. Observe that after
this procedure, all variables xi satisfying ci ≥ 0 and ai ≤ 0 will be such that ui is finite.

3. Fix variables at their bounds. Fix to ui all variables xi such that ci ≥ 0 and ai ≤ 0. Fix
to li to all variables xi such that ci ≤ 0 and ai ≥ 0. Observe that after fixing, all variables
will be such that (ai > 0 and ci > 0) or (ai < 0 and ci < 0).

4. Tighten upper bounds. If Lmin 6= −∞, then the for each i ∈ N+ we can re-define
ui := min{ui, (b − Lmin + aili)/ai}. If i ∈ I we can further strengthen this by letting
ui := ⌊ui⌋.

5. Tighten lower bounds. If Lmin 6= ∞, then the for each i ∈ N− we can re-define li :=
max{li, (b− Lmin + aiui)/ai}. If i ∈ I we can further strengthen this by letting li := ⌈li⌉.

6. Sort variables Sort variables in order of increasing efficiency. Break ties as follows: Integer
variables come before continuous variables. Break second ties in order of increasing ai.
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7. Aggregate integer variables. If two integer variables xi, xj are such that ai = aj and
ci = cj aggregate them into a new variable xk of the same type such that ak = ai = aj , ck =
ci = cj , lk = li + lj and uk = ui + uj .

8. Aggregate continuous variables. If two continuous variables xi, xj are such that ci

ai
=

cj

aj

and sign(ai) = sign(aj) aggregate them into a new variable xk of the same type such that
ak = ai, ck = ci , lk = li +

aj

ai
lj and uk = ui +

aj

ai
uj .

Note that steps one through four can be performed together in a single loop, and that step seven
can be performed in a single pass after sorting. For more information and for possible extensions
see Savelsbergh [47]. From this point on, we will assume that we are always dealing with instances
that have been preprocessed according to the steps above.

3.3 Branch and bound

We use a depth-first-search branch and bound algorithm which always branches on the unique
fractional variable. We use a simple linear programming algorithm, a variation of Dantzig’s al-
gorithm [20] , which runs in linear time by taking advantage of the fact that variables are sorted
by decreasing efficiency. We do not use any cutting planes in the algorithm, nor any heuristics
to generate feasible solutions. The algorithm uses variable reduced-cost information to improve
variable bounds at each node of the tree.

3.4 Domination

Consider x1 and x2, two feasible solutions of MIKP. We say that x1 cost-dominates x2 if cx1 >
cx2 and ax1 ≤ ax2. On the other hand, we say that x1 lexicographically-dominates x2 if cx1 = cx2,
ax1 ≤ ax2, and if in addition there exists i ∈ {1, . . . , n} such that x1

i < x2
i and x1

k = x2
k for all

k < i. We say that a solution is dominated if it is cost-dominated or lexicographically-dominated.
Observe that there exists a unique non-dominated optimal solution (or none at all).

Traditional branch and bound algorithms work by pruning nodes when (a) they are proven
infeasible, or (b) when it can be shown that the optimal solution in those nodes has value worse
than a bound previously obtained. In our implementation, we additionally prune nodes when (c)
it can be shown that every optimal solution in those nodes is dominated.

Using dominance to improve the branch and bound search can have an important impact
on the effectiveness of the search [39]. In fact, lexicographic and cost dominance allow us to
disregard feasible solutions that are not the unique lexicographically smallest optimum solution,
hence significantly reducing the search space.

In general, the problem of detecting if a solution is dominated can be extremely difficult. For
example, Fischetti et al. [30, 29] detect domination by means of solving an MIP. In what follows
we describe a simple methodology for identifying specific cases of domination arising in instances
of the mixed integer knapsack problem. Note however, that the notion of dominance as defined
above is much more general, and could be used for general mixed integer programming problems as
well [30, 29, 34]. As a final comment, note that Andonov et. al [2] have also used domination in the
context of dynamic programming algorithms, having had great success in tackling the unbounded
knapsack problem.

Throughout this section we will convene that ∞+ r =∞,∀r ∈ R.
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3.4.1 Domination between pairs of integer variables

Consider indices i, j ∈ I, and non-zero integers ki, kj . If aiki + ajkj ≥ 0 and ciki + cjkj < 0 we
say that (i, j, ki, kj) defines an integer cost-domination tuple. If i < j, ki > 0, aiki + ajkj ≥
0 and ciki + cjkj = 0 we say that (i, j, ki, kj) defines an integer lexicographic-domination tuple.
The propositions below show how domination tuples allow for the easy identification of dominated
solutions.

Proposition 5 Consider an integer cost/lexicographic-domination tuple (i, j, ki, kj) and let x be
a feasible MIKP solution. Define δ ∈ Zn such that δi = ki, δj = kj and δq = 0 for all q ∈
{1, . . . , n} \ {i, j}. If

li + ki ≤ xi ≤ ui + ki and lj + kj ≤ xj ≤ uj + kj (2)

Then x is cost/lexicographically-dominated by x− δ. Moreover, we say that x violates the domina-
tion tuple (i, j, ki, kj).

To see that this proposition is true, it is simply a matter of observing that condition (2) implies
that (x−δ) is a feasible solution in terms of the bounds, and that aiki+ajkj ≥ 0 and ciki+cjkj ≤ 0
imply the domination.

The following Theorem follows directly from Proposition 5, and illustrates how domination
tuples can be used to strengthen a branch and bound algorithm. This is achieved by preventing
nodes with dominated solutions from being created through additional enforced bound changes.

Theorem 6 Consider two integer type variables xi and xj and a domination tuple (i, j, ki, kj). If
in some node of the branch and bound tree we have that li + ki ≤ xi ≤ ui + ki is satisfied by all
solutions in that node, then:

• If kj > 0 we can impose the constraint xj ≤ lj + kj − 1 in that node,

• If kj < 0 we can impose the constraint xj ≥ uj + kj + 1 in that node,

and in either case we will not cut off the unique non-dominated optimal solution to the original
MIP.

Observe that whenever (ci, cj) and (ai, aj) are linearly independent there exist an infinite num-
ber of cost-domination pairs. Likewise, there exist an infinite number of lexicographic-domination
tuples in the linear dependent case.

The two following propositions state that, in each case, there always exists a minimal domina-
tion tuple. That is, a domination tuple (i, j, ki, kj) such that all other domination tuples (i, j, k′

i, k
′
j)

defined for the same variables, satisfy |ki| ≤ |k
′
i| and |kj | ≤ |k

′
j |.

Proposition 7 If (ai, aj) and (ci, cj) are linearly independent, let,

D = {(ki, kj) ∈ Z× Z : ki, kj 6= 0, aiki + ajkj ≥ 0 and ciki + cjkj < 0}

The following two properties hold:
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(i) D is contained in the interior of an orthant in N×N. More precisely, for every (ki, kj) ∈ D

we have that:
(

ci −
cj

aj
ai

)

< 0 if and only if ki > 0 and
(

cj −
ci

ai
aj

)

< 0 if and only if

kj > 0.

(ii) There exists (ko
i , ko

j ) in D such that (ki, kj) in D implies |ko
i | ≤ |ki| and |ko

j | ≤ |kj |.

Proof: Consider (ki, kj) ∈ D. Observe that since sign(ai) = sign(ci) we can multiply constraint

aiki + ajkj ≥ 0 by − cj

aj
and add it to ciki + cjkj < 0 and we get that

(

ci −
cj

aj
ai

)

ki < 0. Likewise
(

cj −
ci

ai
aj

)

kj < 0. Thus, (i) follows.

Consider (xi, xj) and (yi, yj) in D. Let zi = xi if |xi| ≤ |yi|. Otherwise, let zi = yi. Let zj = xj

if |xj | ≤ |yj |. Otherwise, let zj = yj . Since D is contained in a pointed cone in one of the four
orthants, it is easy to see that (zi, zj) ∈ D. Thus there must exist (ko

i , ko
j ) in D satisfying the

required condition. �

Proposition 8 If (ai, aj) and (ci, cj) are linearly dependent, let,

D = {(ki, kj) ∈ N× Z : ki, kj 6= 0, aiki + ajkj = 0 and ciki + cjkj = 0}

There exists (ko
i , ko

j ) in D such that (ki, kj) in D implies |ko
i | ≤ |ki| and |ko

j | ≤ |kj |.

Proof: Given the linear dependence of (ai, aj) and (ci, cj) we have that,

D =

{

(ki, kj) ∈ N× Z : ki, kj 6= 0,
ki

kj
= −

aj

ai

}

That this set is non-empty follows from the fact that ai and aj are rational numbers. Let (ko
i , ko

j )

be the point in D with the smallest ko
i . Clearly, |ko

j | =
∣

∣

∣

ai

aj

∣

∣

∣ |ko
i | ≤

∣

∣

∣

ai

aj

∣

∣

∣ |ki| = |kj | for all (ki, kj) ∈ D.

�

From Proposition 8 we see that if (ai, aj) and (ci, cj) are linearly dependent, then it is trivial
to compute a minimal domination pair. From Proposition 7 it follows that if (ai, aj) and (ci, cj)
are linearly independent, a minimal domination tuple can be obtained by solving the following
two-dimensional integer programming problem:

minimize |ki|+ |kj |
subject to,

ciki + cjkj ≥ 0
aiki + ajkj ≤ 0
|ki| ≥ 1, |kj | ≥ 1,
ki, kj ∈ Z

(3)

Further, given that we know the feasible region of Problem (3) is contained in an orthant of
Z× Z, we can remove the absolute values and make the problem linear.

While in theory Problem (3) can be solved in polynomial time [25, 48, 40], in practice we
found it easer to solve the problem by simple enumeration. In order to make the description of
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our procedure more intuitive, we only consider the case in which cj > 0,
(

ci −
cj

aj
ai

)

< 0 and
(

cj −
ci

ai
aj

)

< 0. However, all other cases are strictly analogous.

Let D describe the feasible region of Problem (3). Observe that under our current assumptions
we have that D is contained in the positive orthant. That is, (ki, kj) ∈ D implies ki ≥ 0 and
kj ≥ 0. Consider a fixed value k∗

i ∈ N. Define ka
j , kc

j so that aik
∗
i + ajk

a
j = 0 and cik

∗
i + cjk

c
j = 0.

Under our current assumptions, it is easy to verify that kc
j ≤ ka

j . Let k∗
j = ⌈kc

j⌉. If k∗
i ≥ 1 and

k∗
j ≤ ka

j , then (k∗
i , k∗

j ) ∈ D. Further, k∗
j is the smallest integer kj such that (k∗

i , kj) ∈ D. On
the other hand, if k∗

i ≥ 1 and k∗
j > ka

j then there exists no integer kj such that (k∗
i , kj) ∈ D.

Our enumeration algorithm works by enumerating values of k∗
i starting from one, and for each of

these computing the value k∗
j . The algorithm stops whenever (k∗

i , k∗
j ) ∈ D. Given that D cannot

be empty, it is easy to see that the algorithm must eventually terminate. Given the existence
of a minimal domination tuple, we know that when the algorithm terminates it will do so with
the correct solution. Note that in practice we terminate the enumeration early if it goes too long
without finding a domination pair.

In order to use the above propositions in the branch and bound algorithm we compute what
we call a domination table before initiating the solve. This table is defined as a list of all possible
(minimal) domination tuples. In order to obtain a domination table we must loop through all
possible pairs of variables. Observe that because we will only use these tables to strengthen
bounds after branching, as in Theorem 6, we only need to store domination tuples (i, j, ki, kj) such
that |ki| ≤ (ui − li) and |kj | ≤ (uj − lj).

3.4.2 Domination between integer and continuous variables

Let Cj,k = {i ∈ C : j ≤ i ≤ k}. In this section we study how branching on integer variable
xi can be used to strengthen the bounds on continuous variables xj with j ∈ C1,i or those with
j ∈ Ci+1,n. Our attention will focus on instances of MIKP satisfying ai > 0 for all i ∈ 1, . . . , n.
This assumption is made only to simplify the notation and analysis. All results can easily be
extended to the more general case in which coefficients can be positive or negative.

Proposition 9 Consider a pre-processed instance of MIKP, max{cx : x ∈ K}. For any x ∈ K
and i ∈ I we have that x is dominated if the following condition holds:

xi ≥ li + 1 and
∑

j∈C1,i

aj(uj − xj) ≥ ai (4)

We have that x is cost-dominated if there exists k ∈ Ci,n such that ek < ei, lk < xk, and,

xi ≤ ui − 1 and
∑

j∈Ci,n

aj(xj − lj) ≥ ai (5)

Proof: Assume that xi ≤ ui − 1 and
∑

j∈Ci,n

aj(xj − lj) ≥ ai. Define δ ∈ Rn as follows: let

δi = −1, δj = 0 ∀j ∈ I \ {i}, and δj = 0 ∀j ∈ C \ Ci,n. For j ∈ Ci,n define δj so that (i)
0 ≤ δj ≤ xj − lj , (ii)

∑

j∈Ci,n

ajδj = ai, and (iii) δk > 0. Define x′ = x − δ. It is easy to see

that x′ satisfies the integrality constraints. Further, (i) implies that x′ satisfies all of the bound
constraints, and (ii) implies that ax′ = ax. Thus, x′ ∈ K. Finally, since the variables are sorted
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by decreasing efficiency, we have that cx′ ≥ cx, and from (iii) we obtain that this inequality is
strict. Hence, x′ cost-dominates x. To prove that (4) implies x is dominated is analogous. In fact,
let δ ∈ Rn such that δi = 1, δj = 0 ∀j ∈ I \ {i}, and δj = 0 ∀j ∈ C \ C1,i. For j ∈ C1,i define δj

so that (i) 0 ≤ δj ≤ uj − xj and (ii)
∑

j∈C1,i

ajδj = ai. As before, it is easy to prove that x′ = x− δ

dominates x. In this case we don’t have to worry about the strict efficiency condition because
x′

i < xi, and all other integer constrained variables remain the same. Thus, if cx′ = cx, that is, if
x′ does not cost-dominate x, we will have that x′ lexicographically-dominates x. �

Consider i ∈ I. Define,

f(i) = min{k ∈ Ci,n :
∑

j∈Ci,k

aj(uj − lj) > ai}

Likewise, define:

g(i) = max{k ∈ C1,i :
∑

j∈Ck,i

aj(uj − lj) > ai}

Proposition 10 Consider a pre-processed instance of MIKP, max{cx : x ∈ K}, and i ∈ I. Let
f = f(i) and g = g(i). If in some node of the branch and bound tree we have that xi ≤ ui − 1 is
satisfied by all solutions in that node, and in addition, ef < ei, then we may also impose that:

xj = lj ∀j ∈ C(f + 1, n) (6)

and,

xf ≤ lf +

ai −
∑

j∈Ci,f−1

aj(uj − lj)

af
(7)

Likewise, if in some node of the branch and bound tree we have that xi ≥ li + 1 is satisfied by all
solutions in that node, then we may also impose that:

xj = uj ∀j ∈ C(1, g − 1), (8)

and,

xg ≥ ug −

ai −
∑

j∈Cg,i

aj(uj − lj)

ag
. (9)

In either case we will only be cutting off dominated solutions to the original MIP.

Proof: Suppose that ef < ei. If there exists a solution x such that
∑

j∈Ci,n

aj(xj − lj) > ai then,

necessarily, there must exist j ∈ Ci,n such that ej < ei and lj < xj . This follows from the fact
that

∑

j∈Ci,f−1

aj(uj − lj) ≤ ai. Now assume that we have imposed xi ≤ ui − 1. Given the previous

observation, if
∑

j∈Ci,n

aj(xj − lj) > ai, then by Proposition 9 we will have that x is cost-dominated.

Thus, in this case we can impose the constraint
∑

j∈Ci,n

aj(xj − lj) ≤ ai. However, any optimal

solution to the problem satisfying this condition must also satisfy conditions (6) and (7).
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In fact, suppose first that (6) does not hold. Without loss of generality assume that xk > lk, where
k ∈ Cf+1,n. By the definition of f we have that

∑

j∈Ci,f

aj(uj − lj) > ai. Hence, there must exists

j ∈ Ci,f such that xj < uj . However, this in turn means that there exists some ε > 0 such that we
can subtract ε from xk and add ε to xj obtaining a new feasible solution. Given that the variables
are sorted by decreasing efficiency, and observing that no two continuous variables can have the
same efficiency, we conclude that in this case x would be cost-dominated, thus contradicting the
optimality assumption.
Now suppose that (6) holds, but that (7) does not. We have that,

ai ≥
∑

j∈Ci,n

aj(xj − lj)

≥





∑

j∈Ci,f−1

aj(xj − lj)



 + af (xf − lf )

>





∑

j∈Ci,f−1

aj(xj − lj)



 +



ai −
∑

j∈Ci,f−1

aj(uj − lj)





>





∑

j∈Ci,f−1

aj(xj − uj)



 + ai

However, this implies that xj < uj for some j ∈ Ci,f−1, and we can conclude by the same cost-
dominance argument used in the previous case. The second part of the Proposition is analogous.
�

3.5 Finiteness of Branch-and-Bound

In the following, we prove that the use of integer-domination branching, as described in Theorem 6,
ensures that the branch-and-bound algorithm will always terminate in a finite number of iterations.
Note that in principle, one can always make an unbounded problem bounded [46, 49] and achieve
this same effect, but this requires imposing bounds which are exponentially large.

Observe that we can describe the nodes of a branch-and-bound tree in terms of the bounds
which have been imposed in that node. Thus, if B is a node of a branch-and-bound tree, we will
write B = (l′, u′) and identify the corresponding LP relaxation region at that node as,

LP (B) := {x ∈ Rn : ax ≤ b, l′ ≤ x ≤ u′}

If a branch-and-bound tree has an infinite number of nodes, then it must clearly contain a path
P = B1, B2, . . . of infinite length. The following Proposition establishes necessary conditions that
such an infinite path must satisfy.

Proposition 11 Consider a branch and bound tree, and a path P = B1, B2, . . . of infinite length
contained in this tree. There exists a pair of distinct indices i, j ∈ 1, . . . , n such that for every
integer t, there exists a node Bk = (lk, uk) satisfying lki > t and lkj > t.
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Proof:

Because we are assuming all lower bounds are finite, it is easy to see that there exists at least
one index i ∈ I such that the property holds. That is, such that for every integer t there exists a
positive integer k such that lki > t. Now assume that for all j ∈ I \ {i} the property does not hold.
That is, there exists t such that for all j ∈ I \ {i} and for all positive integers k, we have that
lkj ≤ t. This implies that there exists a non-negative integer p such that for all k ≥ p, node Bk is
obtained from node Bk−1 by branching up on variable xi. Now consider k ≥ p and the fractional
solution xk obtained by solving over LP (Bk). Without loss of generality, we can assume that xk

is an extreme-point solution of LP (Bk). Since we will be branching on variable xi, it is clear that
lki < xk

i < uk
i . Since xk is a basic solution there exist n linearly independent constraints which

are tight for xk in LP (Bk). Since none of these constraints are the bound constraints of xi, and
further, since none of the other bound constraints have changed since node Bp, we conclude that
xk is also an extreme point solution of LP (Bp). Since for every pair of distinct indices k1, k2 such
that p ≤ k1 and p ≤ k2 we have that xk1 6= xk2 we observe a contradiction, since LP (Bp) cannot
have an infinite number of distinct extreme point solutions. Thus a second index satisfying the
desired condition must exist. �

Before presenting the main result of this section, we prove a small technical proposition.

Proposition 12 Consider a domination tuple (i, j, ki, kj) corresponding to a bounded pre-processed
instance of MIKP. If ui = +∞ and uj = +∞, then ki > 0 or kj > 0.

Proof: This clearly holds for lexicographic-domination tuples, thus henceforth we assume that
(ai, aj) and (ci, cj) are linearly-independent. Assume that ki < 0 and kj < 0. Since ciki + cjkj < 0
it follows that sign(ci) 6= sign(cj). Without loss of generality, assume ci > 0, which in turn implies
that ai > 0. Further, from Proposition 7, part (i), it follows that ci − (cj/aj)ai > 0. Dividing by
ai we get that (ci/ai) > (cj/aj). However, by Proposition 4 this would imply that the problem is
unbounded. �

Theorem 13 Consider an instance of the Mixed Integer Knapsack Problem which has been pre-
processed as described in Section 3.2. If at every node of the branch-and-bound tree we impose the
constraints described in Theorem 6, then the branch-and-bound tree has a finite number of nodes.

Proof: Suppose that the branch-and-bound tree has an infinite number of nodes, and let P =
B1, B2, . . . be a path of infinite length contained in this tree. From Proposition 11 we know that
there exist distinct indices i, j ∈ I such that for every integer t, there exists a node Bk = (lk, uk)
satisfying lki > t and lkj > t. Observe that this necessarily implies that uk

i = uk
j = +∞ for each of

these nodes. Let (i, j, ki, kj) be the minimal domination tuple associated to these variables. From
Proposition 12 we know that ki > 0 or kj > 0, so we may assume, without loss of generality, that

ki > 0. Let t = max{li + ki, lj + kj} and let ko be such that lko

j ≥ t. Since uj = +∞, it is easy to
see that for all k ≥ ko every solution x ∈ Bk will satisfy lj + kj ≤ xj ≤ uj + kj . Thus, in every
node Bk with k ≥ ko we will have imposed that xi ≤ li + ki − 1. However, this is contradictory
with the fact that the lki > t. From this contradiction we conclude that the branch-and-bound tree
must be finite. �

We remark that it seems likely that the reasoning used to show that the branch-and-bound
algorithm is finite can be used to show that the algorithm of Fischetti and Toth [30] is finite as
well.
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3.6 Post-Processing

Given a mixed integer knapsack polyhedron K, it is well known that conv(K) has a finite number
of extreme points and rays. For the reasons discussed in Section 2, a desirable property of a mixed
integer knapsack solver is that it should always provide as an answer either an extreme point or an
extreme ray, or when not possible, only finitely many other possible solutions. We wish to make
sure that our solver satisfies this property.

Proposition 4 shows that if the mixed integer knapsack problem is unbounded, our solver
will return an extreme ray, so from now on we only focus on the case where the problem is not
unbounded. Although it is hard to guarantee that our solver will only return extreme points of
conv(K) if the optimal solution is finite, it is easy to see that the extreme points of conv(K) are
within the set of possible solutions that our solver can return. Indeed, for every extreme point
xk of conv(K), there exists an objective function for which xk is the unique optimal solution and
therefore, any mixed integer knapsack solver contains all extreme points of conv(K) as possible
answers.

The question that remains is if our solver has the property that only finitely many other
possible solutions can be returned. Espinoza [26] proposes that this can be achieved if the solution
x∗ returned by it satisfies the following two conditions:

1. |x∗
i | ≤ L for some constant L, for all i ∈ I;

2. x∗ is an extreme point of KC(x∗) = K ∩ {x ∈ Rn : xi = x∗
i ,∀i ∈ I}.

In the remainder of this section we present a simple post-processing algorithm which, given an
optimal solution, returns another (or possibly the same) optimal solution satisfying the conditions
proposed by Espinoza.

The post-processing procedure is described in Algorithm 2, and consists of two phases: the first
phase (lines 1–6) ensures that the integer variables have bounded L∞ norm by using domination,
and the second phase (line 7) ensures that the solution satisfies condition 2.

For the first phase, note that we can use minimal integer-domination tuples for any pair of
variables, regardless if they are integral or not. In particular, Proposition 5 is true even if i and/or
j are not integer variables. So, with L being the set of all minimal lexicographic integer-domination
tuples obtained by considering all variables to be integer, phase 1 ensures that no tuple in L is
violated by the returned optimal solution after the first phase. In the following proposition, we
show that this fact implies that the integer variables have bounded L∞ norm.

Proposition 14 Consider an instance of MIKP max{cx : x ∈ K} which has been pre-processed
as indicated in steps 1–3 of Section 3.2. Let x∗ correspond to an optimal solution of this instance
which has been post-processed as indicated in lines 1–6 of Algorithm 2. There exists a constant L
depending only on a, b, l and u, such that |x∗

i | ≤ L for all i ∈ N .

Proof:

Consider an instance of MIKP and an optimal solution x∗ obtained from the post-processing
algorithm. Let M1 = max{(ui − li) : ui 6= ∞ and i ∈ I}. Let M2 = max{max{|ki|, |kj |} :
(i, j, ki, kj) ∈ L}. Let M = max{M1,M2}.

Observe, first, that at most one variable xi can be such that xi > li + M . In fact, suppose
that there are two variables xi, xj such that xi > li + M and xj > lj + M . From Proposition
7 and Proposition 8 we know that there exists a minimal domination pair (i, j, ki, kj). Define
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δ = kiei + kjej ∈ Zn. Since necessarily ui = uj = ∞ and M ≥ |ki|, M ≥ |kj | it follows that
x∗ satisfies li + ki ≤ x∗

i ≤ ui + ki and lj + kj ≤ x∗
j ≤ uj + kj and thus violates (i, j, ki, kj). So,

from Proposition 5 we know that x∗ is dominated by x∗ − δ. Given that x∗ is optimal, we know
that x∗ cannot be cost-dominated. Thus (i, j, ki, kj) ∈ L, which contradicts the fact that after
post-processing there is no violated tuple in L.

Now let xi be the single variable such that x∗
i > li + M . If ai > 0, then x∗

i ≤
b−

P

j 6=i ajx∗
j

ai
.

Since for all j 6= i, we have that x∗
j ≤ li + M , it is clear that x∗

i can be bounded by a constant αi

depending only on a, b, l, u and M . If ai < 0, then let αi = max

{

0,
b−

P

j 6=i

ajx∗
j

ai

}

. If x∗
i > αi, then

we can define a new solution x′ by letting x′
j = x∗

j ,∀j 6= i and x′
i = αi. Clearly x′ is feasible, and

since ci < 0 we have that cx′ < cx∗. Since x∗ is optimal we obtain a contradiction. By letting
L = max{M,αi} we obtain our result. �

Algorithm 2: The Post-Processing Algorithm

Input: An instance of the mixed integer knapsack problem, an optimal solution x∗ to this
instance, and the set L of all lexicographic-domination tuples associated to the
instance obtained by considering all variables to be integer.

while ∃(i, j, ki, kj) ∈ L that is violated by x∗ do1

δi ←− ki2

δj ←− kj3

δq ←− 0,∀q 6= i, j4

while x∗ − δ is feasible do5

x∗ ←− x∗ − δ6

x∗ ←− optimal solution to max{cx : x ∈ K,xi = x∗
i ,∀i ∈ I}7

It is easy to see how step 7 ensures condition 2, since KC(x∗) is a polyhedron and the optimal
solution to the LP in step 7 will be an extreme point of KC(x∗). Therefore, we have shown that,
after applying Algorithm 2 all conditions proposed by Espinoza are satisified.

Note that in the loop of lines 1–6, we are always getting a lexicographically smaller solution so
it is easy to see that the loop terminates after a finite number of iterations.

As a final remark, we could use any other mixed-integer knapsack solver instead of ours, as
long as we preprocess the instance and post-process the solution, and we would still satisfy the
required conditions.

4 Computational experiments

In this section we describe the results of our computational experiments. All implementations
were developed in the “C” and “C++” programming languages, using the Linux operating system
(v2.4.27) on Intel Xeon dual-processor computers (2GB of RAM, at 2.66GHz). Since generating
cuts which are invalid is a real point of concern, we use exact arithmetic rather than the floating
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point arithmetic typically used in computer codes. Specifically, we used the exact LP solver of
Applegate et al. [4] for solving LP1, and the GNU Multiple Precision (GMP) Arithmetic library
[35] for implementing all other computations.

In order to test our results we use the MIPLIB 3.0 [12] and MIPLIB 2003 [1] data sets. Results
are organized as follows. In Section 4.1 we utilize the methodology developed in Section 2 to
benchmark the MIR inequalities. In Section 4.2 we analyze the performance of the mixed integer
knapsack algorithm developed in Section 3.

4.1 Benchmarking the MIR inequalities

We now describe our experiments computing the values z∗(CK) and z∗(MK) and our use of these
values to benchmark the performance of MIR inequalities, as detailed in Section 1. In these
experiments we only consider the sets K = F , i.e., the family of knapsack sets induced by the
original formulation rows, and K = T , i.e., the family of knapsack sets induced by the tableau
rows of the optimal LP relaxation solution.

As a first step, we implemented the MIR separation heuristic described in Goycoolea [34]. This
heuristic takes as input a mixed integer knapsack polyhedron K, a vector x∗, and attempts to
find an MIR inequality which is valid for K and violated by x∗. In order to do this, the heuristic
scales the knapsack set and complements variables in different ways attempting to obtain an MIR
inequality each time by applying a rounding procedure. We henceforth refer to this heuristic as
mir heuristic(K,x∗). Given a mixed integer programming problem and a set of implied mixed
integer knapsack polyedra we can use this heuristic to compute an approximation of z∗(MK) as
shown in Algorithm 3. This is only an approximation of the value z∗(MK) because there could
potentially be violated MIR inequalities for a polyhedron K ∈ K which mir heuristic fails to find.
A better approximation can probably be obtained by using the approch of Balas and Saxena [9]
or the approach of Dash et al. [22] as a subroutine instead of using mir heuristic.

Algorithm 3: Computing an approximation of z∗(MK)

Input: A vector c ∈ Rn, a mixed integer polyhedron P , and a set of implied mixed integer
knapsack polyhedra K.

Let R be the linear programming relaxation of P ;1

Let x∗ be the optimal solution of max{cx : x ∈ R};2

Let C = ∅;3

foreach K ∈ K do4

if mir heuristic(K,x∗) finds a violated cut (π, πo) then5

Add cut (π, πo) to C;6

if C 6= ∅ then7

Add cuts in C to R;8

Resolve max{cx : x ∈ R} letting x∗ correspond to the optimal solution;9

Go to line 3;10

else11

Stop.12
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As a second step, we implemented the knapsack separator algorithm described in Section 2
(for a summary see Algorithm 1). When running the algorithm we used the early termination rule
“Method 2” as described in Section 2.4. Observe from Algorithm 1 that knapsack separator
needs an MIR generator as a subroutine. We use mir heuristic for this purpose. The mixed
integer knapsack solver which is also used as a subroutine was described in Section 3. Given a
mixed integer programming problem and a set of implied mixed integer knapsack polyedra we can
use knapsack separator to compute z∗(CK) as shown in Algorithm 4.

Algorithm 4: Computing z∗(CK)

Input: A vector c ∈ Rn, a mixed integer polyhedron P , and a set of implied mixed integer
knapsack polyhedra K.

Let R be the linear programming relaxation of P ;1

Let x∗ be the optimal solution of max{cx : x ∈ R};2

Let C = ∅;3

foreach K ∈ K do4

if knapsack separator(K,x∗) finds a violated cut (π, πo) then5

Add cut (π, πo) to C;6

if C 6= ∅ then7

Add cuts in C to R;8

Resolve max{cx : x ∈ R} letting x∗ correspond to the optimal solution;9

Go to line 3;10

else11

Stop.12

The following proposition and the fact that knapsack separator returns a nonempty face
of conv(K) ensure the finiteness of Algorithm 4:

Proposition 15 If each cut added in line 6 of Algorithm 4 defines a nonempty face of conv(K),
then algorithm 4 terminates in a finite number of iterations.

Proof: Follows immediately since for every K ∈ K, conv(K) has only a finite number of nonempty
faces. �

Tables 4.1.1 and 4.1.2 present the results for K = F and K = T respectively. For each
problem instance let z∗UB represent the value of the optimal (or best known) solution and z∗LP

the LP relaxation value. For each set K and each instance we compute the following performance
measures:

ORIG-GAP: Performance of the original LP formulation. That is, the value of the LP relaxation
gap:

z∗UB − z∗LP

|z∗UB |
.
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MIR: Performance of MIR separation heuristic. That is, how much of the LP gap was closed by
heuristic:

zKM − z∗LP

z∗UB − z∗LP

.

KNAP: Performance of the knapsack cuts. That is, how much of the LP gap was closed by the
knapsack cuts:

z∗(CK)− z∗LP

z∗UB − z∗LP

.

MIR-REL: Relative performance of MIR separation heuristic. That is, how much of the LP gap
closed by the knapsack cuts was closed by the MIR cuts:

zKM − z∗LP

z∗(CK)− z∗LP

4.1.1 Knapsack cuts derived from formulation rows

We now discuss the computational results obtained for K = F . Of the 92 instances in MIPLIB 3.0
and MIPLIB2003, we were able to compute the values zKM for 83 of them. The 9 problems which
we were unable to solve were atlanta-ip, cap6000, dano3mip, harp2, momentum3, markshare1,
markshare2, mkc and stp3d. Of the 83 problems solved, 4 of them were such that ORIG-GAP was
equal to 0.0 (disctom, dsbmip, enigma, and noswot), and 53 of them were such that KNAP and
MIR were both equal to 0.0. In Table 4.1.1 we present the results for the remaining 26 problems.
That is, the only ones in which knapsack cuts improved the bound.

First, note that knapsack cuts alone can considerably close the remaining LP gap in some
problems (column KNAP). In fact, in 11 problems out of the 26 problems in which knapsack cuts
improved the gap, over 84% of the gap was closed, and in 15 out of 26 problems, over 50 % of the
gap was closed. On average, the GAP closed by the knapsack cuts among these 26 instances is
around 55%. Note, however, that in 53 instances knapsack cuts do nothing to improve the gap. If
we consider the average GAP closed including these 53 instances, the average drops to 18.24%.

Second, consider the column MIR in which we can get an idea of how well the mixed integer
rounding cut closure compares to the knapsack cut closure. Observe that of the 26 problems, in 21
of them, by using the MIR cuts alone, we close over 87% of the GAP closed by the knapsack cuts.
This indicates that MIR inequalities are a very important subset of knapsack inequalities; at least
for the instances considered. A natural question is the following: How much could we improve the
value of MIR-PERF if we used an exact MIR separation algorithm as opposed to a heuristic? In an
attempt to answer this question we fine-tuned the settings of the MIR heuristic for the problems
p0033, p0548 and qnet1. In these, we managed to improve the value of MIR-PERF from 87.31%
to 100%, from 62.76% to 63.66% and from 56.68% to 77.27% respectively. This indicates that the
true value of MIR-REL might be much closer to 100% than suggested by the table.

4.1.2 Knapsack cuts derived from tableau rows

In order to obtain T for a given problem instance, we would first solve the linear programming
relaxation of the corresponding problem and let T be the optimal basis tableau rows in the aug-
mented variable space consisting of both structural and slack variables. When attempting to
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Table 2: Benchmarks for Formulation Closure
Instance ORIG-GAP MIR KNAP MIR-REL
arki001 0.02% 12.99% 13.12% 99.01 %
fiber 61.55% 91.07% 93.82% 97.06 %
gen 0.16% 99.78% 99.78% 100 %
gesa2 1.18% 69.96% 71.03% 98.48 %
gesa3 0.56% 47.80% 49.33% 96.90 %
gt2 36.41% 92.56% 94.52% 97.93 %
l152lav 1.39% 0.01% 1.36% 0.41 %
lseu 25.48% 67.91% 76.09% 89.25 %
mitre 0.36% 89.14% 100.00% 89.14 %
mod008 5.23% 71.23% 89.21% 79.84 %
mod010 0.24% 18.34% 18.34% 100 %
msc98-ip 1.61% 0.16% 0.16% 100%
net12 91.94% 1.39% 1.39% 100%
nsrand-ipx 4.53% 9.93% 9.93% 100%
p0033 18.40% 76.33% 87.42% 87.31 %
p0201 9.72% 33.78% 33.78% 100 %
p0282 31.56% 94.08% 98.59% 95.42 %
p0548 96.37% 53.69% 84.34% 62.76 %
p2756 13.93% 44.46% 86.35% 51.49 %
qnet1 10.95% 50.48% 89.06% 56.68 %
qnet1 o 24.54% 84.32% 95.12% 88.65 %
rgn 40.63% 57.49 57.49% 100 %
roll3000 13.91% 55.28% 55.28% 100%
sp97ar 1.38% 1.70% 1.70% 100%
timtab1 96.25% 21.13% 21.13% 100%
timtab2 93.49% 12.79% 12.79% 100%

generate a cut from a tableau row our algorithms all worked in this augmented space. Whenever a
cut was generated from a tableau row, we would first substitute out slack variables before adding it
back to the LP. Note that slack variables were always assumed to be non-negative and continuous.

We now discuss the computational results obtained for K = T . Of the 92 instances in MIPLIB
3.0 and MIPLIB2003, we were able to compute the values zTM for 65 of them. Of these 65 problems,
4 of them were such that ORIG-GAP was equal to 0.0 (disctom, dsbmip, enigma, and noswot),
and 9 of them were such that KNAP and MIR were both equal to 0.0 (glass, liu, msc98-ip, mzzv11,
mzzv42z, net12, rd-rplusc-21, stein27 and stein45). In Table 4.1.1 we present the results for the
remaining 52 problems. That is, the only ones in which knapsack cuts improved the bound.

First, it is important to remark that separating knapsack cuts from tableau rows is considerable
more difficult than separating knapsack cuts from original formulation rows. This is due to several
reasons: Tableau rows are typically much more dense, coefficients tend to be numerically very bad,
and rows tend to have a lot of continuous variables. This added difficulty is reflected in the fact
that out of 92 instances, after several days of runs we managed to solve 65 instances to completion,
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Table 3: Benchmarks for Tableau Closure
Instance ORIG-GAP MIR KNAP MIR-REL

air03 0.38% 100.00% 100.00% 100%
a1c1s1 91.33% 18.75% 18.75% 100%
aflow30a 15.10% 12.02% 12.02% 100%
aflow40b 13.90% 7.45% 7.45% 100%
bell3a 1.80% 60.15% 60.15% 100%
bell5 3.99% 14.53% 14.68% 98.94%
blend2 8.99% 20.63% 20.63% 100%
danoint 4.62% 1.74% 1.74% 100%
dcmulti 2.24% 50.46% 50.49% 99.94%
egout 73.67% 55.33% 55.33% 100%
fiber 61.55% 75.89% 77.27% 98.21%
fixnet6 69.85% 11.08% 11.08% 100%
flugpl 2.86% 11.74% 11.74% 100%
gen 0.16% 61.67% 61.97% 99.52%
gesa2 1.18% 28.13% 28.13% 99.98%
gesa2 o 1.18% 29.55% 29.65% 99.67%
gesa3 0.56% 45.76% 45.83% 99.85%
gesa3 o 0.56% 49.96% 49.99% 99.94%
gt2 36.41% 84.56% 90.02% 93.93%
khb05250 10.31% 75.14% 75.14% 100%
lseu 25.48% 61.21% 61.21% 100%
manna81 1.01% 30.08% 30.08% 100%
misc03 43.15% 7.24% 7.24% 100%
misc06 0.07% 26.98% 26.98% 100%
misc07 49.64% 0.72% 0.72% 100%
mod008 5.23% 22.57% 22.59% 99.92%
mod011 13.86% 22.17% 22.17% 100%
modglob 1.49% 18.05% 18.05% 100%
momentum2 41.32% 40.13% 40.13% 100%
nsrand-ipx 4.53% 23.34% 23.34% 100%
nw04 3.27% 22.37% 22.37% 100%
opt1217 25.13% 23.09% 23.09% 100%
p0033 18.40% 74.71% 74.71% 100%
p0201 9.72% 34.36% 34.36% 100%
p0282 31.56% 9.21% 12.48% 73.79%
p0548 96.37% 70.97% 92.74% 76.52%
p2756 13.93% 22.38% 45.42% 49.28%
pp08a 62.61% 50.97% 50.97% 100%
pp08aCUTS 25.43% 32.30% 32.54% 99.26%
protfold 35.35% 3.79% 3.79% 100%
qiu 601.15% 3.47% 3.47% 100%
rentacar 5.11% 27.42% 27.42% 100%
rgn 40.63% 9.78% 9.78% 100%
roll3000 13.91% 0.16% 0.16% 100%
set1ch 41.31% 39.18% 39.18% 100%
sp97ar 1.38% 4.23% 4.23% 100%
swath 28.44% 33.22% 33.58% 98.91%
timtab1 96.25% 23.59% 23.59% 100%
timtab2 93.49% 11.91% 11.91% 100%
tr12-30 89.12% 28.47% 28.47% 100%
vpm1 22.92% 47.27% 49.09% 96.30%
vpm2 28.08% 19.17% 19.39% 98.85%

as opposed to the 83 which we solved when considering formulation rows.
Second, it is interesting to note that the value KNAP is very erratic, uniformly ranging in

values from 100% to 0.0%. In contrast to the case of formulation rows, only 9 instances are such
that KNAP-PERF is 0.0%.

The last, and perhaps most startling observation, is that the MIR-REL is very often close to
100%. If this result were true in general, it would be very surprising. However, because there are
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still 27 instances which have not been solved one must be very careful. Because of the way in
which we computed these numbers, it could be the case that those instances with MIR-REL close
to 100% are easier for our methodology to solve. It is very reasonable to expect that instances
with MIR-REL well below 100% are more difficult to solve as they require more iterations of the
knapsack separation algorithm as opposed to iterations of the MIR separation heuristic.

4.2 Performance of the mixed integer knapsack solver

We now compare the performance of our MIKP algorithm (kbb) with the performance of CPLEX
9.0 [18] (cpx ), the only alternative for MIKP we know of to date. Note that CPLEX was used
with all of its default settings, except for the tolerance, which was set to 10−6. Note also that our
MIKP algorithm was used with double floating arithmetic, with a tolerance of 10−6. Finally, note
that we also tested a hybrid algorithm (cpp) which combined the kbb pre-processor (as in Section
3.2) with the CPLEX solver.

In our first implementation of the separation algorithm we had incorporated a version of kbb
which did not use domination branching nor reduced cost bound improvements. We quickly realized
that this algorithm was not efficient enough to achieve our aim of separating knapsack cuts derived
from MIPLIB instances. When running this version of the code, we saved all problems which took
our algorithm more than 2.5 seconds to solve. This allowed us to save over 130,000 instances. Most
of those instances were very similar to each other, since many would originate from separating over a
same implied knapsack set. When a single implied knapsack set had more than a knapsack instance
associate to it, we eliminated all of these but the one which was generated last. This choice was
motivated by our observation that the last few oracle calls were usually the hardest ones to solve.
This allowed us to reduce the number of instances to only 288. Most of these instances were poised
in exact arithmetic. Thus, after converting them to double floating point, some of them became
very easy to solve. Hence, from these 288, we removed all instances in which kbb, cpx and cpp all
took less than 1 second to solve in double arithmetic. This left us with a total of 67 instances,
which are the ones used in the coming experiments. Note that these instances can be downloaded
(both in double and in exact arithmetic) from http://mgoycool.uai.cl/.

In Figure 4.2 we present the performance profiles of running times of kbb and cpx. Each point
(x, y) of the curves tells us that in y percent of the instances, this particular solver was at most x
times slower than the fastest solver for that instance (for a more detailed explanation of performance
profiles, see [23]). For instance, by looking at the point where x = 1 we see that kbb is the fastest
in about 77% of the instances and by looking at the point where x = 10, it is at most 10 times
slower than either cpx or cpp in over 85% of the instances. Also, note that giving the preprocessed
instance to CPLEX does not seem to make a big difference. This can be explained since CPLEX
has its own preprocessing, which probably makes most of our preprocessing unnecessary.

It is clear from this Figure that the kbb algorithm outperforms cpx in this instance set. Note
that this does not necessarily mean that kbb solves every instance faster than cpx, but rather, that
cumulatively, kbb performs better. Moreover, cpx/cpp fails to find the optimum solution in 11/8
instances, since it runs out of memory after creating too large a branch and bound tree.

In Figure 4.2 we compare the different versions of our mixed integer knapsack solver:

• kbo: Without domination branching and without reduced-cost bound improvement.

• kbr: With reduced-cost bound improvement but without domination branching.

25



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1  10  100  1000  10000

"kbb"
"cpx"
"cpp"

Figure 1: Performance profile comparing kbb, cpx and cpp.

• kbd: With domination branching but without reduced-cost bound improvement

• kbb: With both domination branching and reduced-cost bound improvement

It is interesting to see in Figure 4.2 how domination branching and reduced-cost fixing interact
to improve the performance of the algorithm. Domination branching, when used as a single feature,
clearly helps decrease solution times. This is not the case of reduced-cost fixing, however, which
actually makes the algorithm perform worse. What is very surprising, however, is that when both
features are used together, the performance is altogether markedly improved.

We believe this is due to the fact that we try to improve variable bounds by means of reduced
cost in every node of the branch-and-bound tree, but these bound improvements do not reduce
the size of the tree, which is the most important factor in determining the total running time of
the algorithm. In fact, in all instances, the size of the branch-and-bound tree for kbo and kbr were
exactly the same. Therefore, the additional time spent trying to improve bounds by reduced cost
does not pay off. However, the use of domination reduces the size of the branch-and-bound tree
and thus the total time. Now, since we use domination whenever certain bounds on variables are
imposed, we believe the reduced cost bound improvements allow us to use domination more often,
reducing even further the size of the branch-and-bound tree.
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Figure 2: Performance profile comparing kbb, kbd, kbr, and kbo.

5 Final remarks

One of the goals of this study has been to assess the overall effectiveness of MIR inequalities relative
to knapsack cuts. The motivation being the empirical observation that though much research has
been conducted studying inequalities derived from single row systems, no such class of inequalities
has been able to systematically improve upon the performance of MIRs. In this regard, the results
we present are surprising.

We observe that in most test problems, the bound obtained by using just MIR inequalities is
very similar in value (if not equal) to the bound obtained using all possible knapsack cuts. Though
it is important to note that this observation is limited in the number of test problems considered,
it does help explain the lack of success in generating other cuts from tableau and formulation rows,
and, suggests that for further bound improvements we might have to consider new row aggregation
schemes, or cuts derived from multiple row systems. At the very least, if there does exist some class
of knapsack cuts which can significantly improve upon the performance of the MIR, our results
show that to validate such a claim one would have to test using problems other than those in the
MIPLIB data sets.

We put great care into ensuring that the generated cuts are valid and that the procedure runs
correctly, but this makes the methodology very slow. For example, some of the computed KNAP
values took as much as 5 days to obtain. Some of the unsolved instances have been ran for over a
week without a final answer being reported. Part of the difficulty arises from the fact that exact
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arithmetic is being employed. In average, we have observed that performing exact arithmetic
computations takes several orders of magnitudes longer than floating-point computations.

As a final remark, we note that recently, knapsack cuts have been used in practice to help
solve some combinatorial optimization problems [7]. Following up on this, it would be interesting
to see if we can also use our knapsack cut generation procedure in practice to help solve other
mixed-integer programming problems.
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[21] S. Dash and O. Günlük. On the strength of gomory mixed-integer cuts as group cuts. IBM
research report RC23967, 2006.
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